Let p:E B be a fibration over a connected space B with fiber F. The Eilenberg-Moore spectral sequence of p is a second quadrant spectral sequence which tries and sometimes fails to converge strongly to the homology of F (see As an aid to understanding these theorems, recall the similar behavior of the mod q Adams spectral sequence of a spectrum X. In absolute generality the spectral sequence converges only to the homotopy groups of some completion of X [1] . However, if X is connected and suitable finiteness conditions are satisfied, the spectral sequence converges to the actual homotopy groups of X with the "power of q" filtration. Note also that the spectral sequence converges strongly to the homotopy of X only in the rare case that each rX is a q-group of finite exponent.
1-53). The purpose of this paper is to determine what the spectral sequence does converge to. An abstract answer (Theorem 1.1) is that the spectral sequence almost always converges to the homology of the fiber of the nilpotent completion of the map p. A concrete answer (Theorem 2.1) is that under certain natural conditions on B and certain finiteness hypotheses the spectral sequence converges weakly to the homology of F with the nl(B) filtration.
As an aid to understanding these theorems, recall the similar behavior of the mod q Adams spectral sequence of a spectrum X. In absolute generality the spectral sequence converges only to the homotopy groups of some completion of X [1] . However, if X is connected and suitable finiteness conditions are satisfied, the spectral sequence converges to the actual homotopy groups of X with the "power of q" filtration. Note also that the spectral sequence converges strongly to the homotopy of X only in the rare case that each rX is a q-group of finite exponent.
Sections 3 and 4 are devoted to applications of the convergence theorems in Section and Section 2. In Section 3 we compute, in a certain sense, the homology of the universal cover of the nilpotent completion of a space X. In Section 4 we show that the cohomology of certain nilpotent groups is generated, in the sense of matric Massey products, by classes of degree one.
Throughout Section and Section 2 we will work with the fixed fibration p described above. R will be a ring of the form Z/qZ (q prime) or a subring of the rationals, and A will be a fixed R-module. We will freely use the ideas and conventions of [5] . In particular, we will associate to the fibration p a certain augmented cosimplicial space F F, called the Eilenberg-Moore object of p. The mod A Eilenberg-Moore spectral sequence of p is understood to be the homo-s > 0, let F be the ordinary fiber [2] Proof The lemma claims that the mod A Eilenberg-Moore spectral sequence of Rp converges strongly to H,(F, A) (see [5] Proof. The lemma is easy to obtain from the fact that a map of towers is a pro-isomorphism iff both its kernal and cokernal are pro-trivial.
Remark. In both applications of the Diagonal Lemma above, the double tower {G,}, is constant in the second variable.
A concrete computation
The purpose of this section is to show that, in some situations not covered by [5] , the Eilenberg-Moore spectral sequence converges to a limit closely related to the homology of the fiber F. The [9] .
Remark 2.6. Properties (2.5a) and (2.5b) surprisingly imply that the towers {Hi(n, Ms)} are pro-trivial for all > 0 (see [6] ).
Let/ be the universal cover of B. For each s there is a first quadrant Serre spectral sequence (cf. In the light of the lemma below, the universal coefficient theorem, and Remark 2.6, it is not hard to see that all of the towers {H(B, M)), j >_ 0, have the strong acyclicity property of (2.6)" {Hi(n, H(/, M))) is pro-trivial for all > 0. This is exactly the statement that the whole E2-term of the above spectral sequence tower is pro-trivial. Evidently the limit of the spectral sequence tower is pro-trivial too. This completes the proof of (2.4).
For the duration of this final lemma, the respective symbols (R) and will denote tensor and torsion product over the integers. The tensor or torsion product of two n-modules is again a n-module in a natural diagonal way.
LEMMA 2.7. Let n be a finitely #enerated nilpotent #roup, and let N be a finitely generated nilpotent n-module. Suppose that {M) is a tower of n-modules which satisfies (2.5a) and (2.5b). Then both of the towers {M (R) N} and {M N} also satisfy (2.5a) and (2.5b).
Remark. If n is as above and N is a nilpotent n-module, then N is finitely generated as a Z[n]-module iff N is finitely generated as an abelian group. Proof of 2.7. Suppose to begin with that N is a trivial n-module. Choose finitely generated free abelian groups F1 and F2 such that the sequence
is exact. Give F and F2 the trivial n-module structure, so that the above becomes a short exact sequence of n-modules. There is an induced exact sequence of towers of n-modules:
Each of the middle towers is a direct sum of a finite number of copies of the original tower {Ms}; thus both of these middle towers satisfy (2.5a) and (2.5b). Thus all of the towers in this sequence have the property of Remark 2.6, except perhaps {Ms * N}s. An easy long exact sequence argument shows that {Ms * N}s also has this strong acyclicity property and therefore, afortiori, property (2.5a). The proof of (2.7) can be finished by using similar arguments in an induction on the nilpotency class of N. 3 . Applications: Homology of the universal cover of the completion In this section X will be any connected space and R will be the ring of integers. The tower {RsX}s is then the Bousfield-Kan integral completion tower of the space X. Let denote the universal covering space functor. We are interested in computing the towers {Hi(RsX, R)}s. According to the conventions of Section 1, these towers give the homology of the universal cover of the completion of X. is generated by H l(rc, R) in the sense of matric Massey products.
Remark. Note that H*(zr, R) is the same as the algebraic cohomology ring of the discrete Hopf algebra R[zr]. The conclusion of (4.1) fails if either of the two conditions on 7r is removed. To see this, let R Z/pZ, and let rr be either a large alternating group or the abelian group Q/Z.
To prove (4.1) it is necessary to check that the "Eilenberg-Moore" spectral sequence of [5] is correctly named. Proofof 4.1. Consider the mod R Eilenberg-Moore spectral sequence of the path space fibration over K(rc, 1). By (2. l) this spectral sequence converges to a limit which is concentrated in degree zero. Therefore the cohomology bar construction spectral sequence of this fibration, which is dual to the cobar construction spectral sequence, also converges to a degree zero limit. The argument of !-8] shows that this implies the conclusion of the proposition.
Proof of 4.2. Let p: E B be a fibration with Eilenberg-Moore object F.
There are two distinct ways of exploiting F to get a homology spectral sequence" one of these is the method of [5-1, the other is the homology version of the method of Rector ([10] ). By [3] , both methods give exactly the same spectral sequence. Rector, however, shows that the end product of his technique is isomorphic to the (co-)bar construction spectral sequence.
